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Abstract 
Pignoni, R., Projections of surfaces with a connected fold curve, Topology and its Applications 
49 (1993) 55-74. 
Let S be a surface (compact, connected and without boundary) and .f: S + Iw’ a generic smooth 
mapping. Suppose the apparent contour y is irreducible (which means the fold curve off is 
connected). We give a criterion to decide if the number of singularities in the contour is the least 
possible or not, and we see that these minimal values for the cusps and double points of y depend 
on the the Euler-PoincarC characteristic x(S) of the surface. In the course of our proof, we 
illustrate the construction of such “minimal” projections for surfaces of arbitrary genus. All 
operations involved can be performed by using manifolds immersed in Iw’. 
Keywords: Generic projection, immersed surface, apparent contour, singularities, surgery, Euler- 
PoincarC characteristic, cusp, double point. 
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1. Introduction 
In this paper we are concerned with the following question: what do the simplest 
contours of surfaces look like? The answer, of course, will depend on the precise 
meaning we attach to the word “simple”. Different approaches are possible [14]. 
A very natural one is to require that a “simple” contour displays the smallest possible 
number of singular points (that is, cusps and double points). 
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The curves of Fig. 1 fulfil this condition. It is not difficult to construct similar 
projections, at least for surfaces of even characteristic. 
The subject becomes more intriguing if we require the fold curve of the map to 
be made of one connected component. It is not self-evident any more (except in 
the case of the sphere) whether a given irreducible contour has the least possible 
number of singularities, or not. It is precisely the goal of this paper to give a complete 
classification of all irreducible contours of surfaces that enjoy this property. Given 
a surface whose projection to the Euclidean plane has a connected fold curve, we 
shall describe a criterion to decide if the number of singularities in the contour is 
minimal or not. At the same time, we will see how to construct such a “minimal” 
map for an arbitrary surface. 
Our work is meant to be in the spirit of Haefliger’s classical paper [6]. Our aim 
is to generalize his examples and sharpen some of his results, keeping as close as 
possible to the same methods and ideas. We can summarize the content in the 
following terms. Let S be a surface, compact, connected and without boundary. If 
f: S + R2 is a generic smooth mapping, the fold curue off is its set of critical points. 
The critical values of the map lie on a plane curve ‘y, called the apparent contour 
of J: For an open dense set of mappings, the singularities of y consist of a finite 
number of cusps and double points. An irreducible component of y is the image of 
a connected component of the fold curve. (Thorn calls our attention to the fact that 
this term is strongly reminiscent of algebraic geometry, while here everything happens 
in the C” category. Unfortunately, every different solution we have in mind seems 
to make the exposition too cumbersome.) In Section 2 we define the algebraic 
number of irreducible components of y and the algebraic number of double points 
in each component. Starting with these data, we express a relation that connects 
the number of cusps, the number of self-intersections and the number of irreducible 
components of y with the genus of the projected surface (Proposition 2.6). This 
relation provides the key for a complete description of all minimal arrangements 
of singularities in irreducible contours, for surfaces of arbitrary genus (Propositions 
2.11 and 2.13). 
Our first approach to this kind of question was contained in [13]. Among other 
results, in that paper we established a preliminary version of Proposition 2.6. The 
main difference between the old version and the new lies in our way of counting 
the irreducible components yi of the contour. In [13, Theorem l] it relied on the 
arbitrary choice of a starting point for each component, which conditioned our 
computation of the global numerical character of y. As a consequence it turned out 
that most quantities were not uniquely defined. A certain amount of arbitrariness 
o@ ($9 
Fig. 1. 
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has been introduced, in fact, by our former interpretation of some ideas of [18]. 
Our present approach is more precise, each term being derived from a canonical 
procedure. 
Starting from Proposition 2.6, as Benedetti and Dedo have shown [4], it is possible 
to derive an upper bound for the total curvature of a surface embedded in three-space. 
But in this paper we explore a different direction. Considering projections of surfaces 
with a connected fold curve, we express the minimal number of cusps and double 
points in the contour of S as a function of the Euler-Poincare characteristic x(S) 
of the surface (a mistake of [14] is corrected here in Section 2, Remark 2.15). 
In other words, in order to find the minimal singularities of a surface all we need 
to know is whether it is orientable or not, and its genus g. For each value of g we 
construct a model projection whose contour displays the least possible number of 
critical points. 
One more word about such “models”. Their “spare parts” can be immersed in 
[w3 before assembling them into the final surface, which will also be immersed in 
ordinary space. Everything might be represented by means of wire models visualizing 
the respective position of our surfaces and their plane of projection. The technical 
background is available, ready for use, in [5]. 
We would like to express our gratitude to Professor Kenneth Millett of the 
University of California at Santa Barbara, as well as to Professor Renzo Piccinini 
and to Professor Maria Dedo, both of the University of Milano, for their helpful 
comments on the contents of this paper. Millett’s article [ 1 l] was one of the main 
sources motivating us to undertake this study. Finally, we wish to thank Professor 
RenC Thorn for encouraging us to pursue our efforts on these and related topics. 
2. Minimal irreducible contours 
Let f: S+ I&?* be a generic map whose apparent contour is y. 
Definition 2.1. If the fold curve is connected y is said to be irreducible. 
In this paper we deal with compact surfaces, hence their apparent contours are 
the union of a finite set {y,, . . . , yk} of irreducible components. Each irreducible 
component of the contour is the projection of a connected component of the fold 
curve. The irreducible components of y can be oriented by running along the contour 
so that at each fold point the surface “is folded to our left” [ 10, p. 1521. This means 
that, if we call v the positive unit normal vector at a regular point of yi, v heads 
towards the direction in which the number of points in f-‘(p) increases. If we add 
a tone of gray for each sheet of the surface that is projected over the same point 
of [w2, v must always point towards the darker area (Fig. 2). We shall call this the 
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“canonical orientation” of the unit normal vector v at a regular point of y. We 
require that the orientation defined by the ordered couple (T, V) (where T is the unit 
tangent vector of a positive parametrization of y) be coherent with that of R2. The 
local parametrization of y, introduced in this way extends to a global coherent 
orientation of each irreducible component of the contour. 
Definition 2.2. We call the described orientation the canonical orientation of yi. 
From now on we shall suppose that each irreducible component of the contour 
is given together with its positive (canonical) orientation. Let yi be a positively 
oriented irreducible component of the contour. Let us call Ui the unbounded 
component of R*\y, (if y is irreducible we shall write just U). 
Definition 2.3. A point a E a uj\{cusps, double points of y,} will be called a positive 
point if the positive orientation of u at a points into U, and a negative point if it 
points away from U,. 
If yi is an irreducible component and all its nonsingular points belonging to au, 
are positive, we will say it is a positive component. We call it a negative component 
if it contains some negative points. We will write i+ and i- to indicate the number 
of positive and negative components of the apparent contour. Under this respect, 
our present treatment of mappings to the Euclidean plane differs from the one given 
in [13]. In that paper, the way in which we counted the irreducible components y, 
of the contour by assigning to each of them an index +1 or -1 depended on our 
choices for the starting point of each irreducible component. 
Definition 2.4. A point a E yi will be called an admissible starting point if: 
(1) a is a positive point of the positive component yi, or 
(2) a is a negative point of the negative component yi. 
Positive and negative self-intersections of each component yi can now be defined. 
Our definition is inspired by [18] but our way to attribute signs is not the same (in 
fact, it also differs from that of [13]). Choose an admissible starting point a on y,, 
and let Q be one of its points of self-intersection. We give a positive parametrization 
cp : [0, l] + y,, singular only when the image is a cusp point and such that cp-‘(a) = 
(0, 1). There will be two numbers t,, t2 with t, < tz, such that cp( t,) = p(f2) = Q. 
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Definition 2.5. We will call Q a positive self-intersection if the couple (7,) TJ = 
(cp’( t,), cp’( tz)) induces the same orientation with respect to that of R2. Otherwise, 
we will say it is a negative self-intersection. 
The attribution of a positive or negative sign to each single self-intersection of yi 
does depend on the choice of the starting point a. There is no way to avoid this: 
Fig. 2 displays an irreducible contour for the real projective plane, obtained from 
the Boy surface [7]. As the charming symmetry of this profile shows, there is no 
natural way to attribute a positive or negative sign to each independent self- 
intersection. 
However, if we consider the difference N+ - N- between the number of positive 
and negative self-intersections in this contour, we have N+ - NP = - 1 independently 
of our choice of an admissible starting point (this will become clearer after proving 
Lemmas 2.8 and 2.9). In fact, the algebraic number NT- NY of self-intersections 
of each component of an apparent contour does not depend on how we choose the 
admissible starting point. The proof of this statement is obtained by comparing the 
results of [18] with our present definitions. 
Therefore, from our present approach it follows that iff is a generic (stable) map 
from S to R2, the total number of self-intersections N+-- N- = IF=, NT - NY is well 
defined. It will be remarked that double points arising from the intersection of two 
dijfierent components of the contour play no role in the computation of this quantity. 
If we denote by c the number of cusps, the genus g of S can be found by means 
of the following relation: 
Proposition 2.6. Let E(S) be equal to 1 if S is orientable and to 2 if it is not; then 
(N+-NP)+f+(lfi--i-) 1 . 
In this relation the genus of S is expressed as the sum of three terms. Figure 3 
shows how to interprete geometrically the contribution of each of them. A represents 
a handle, and so does C. B represents two handles (more precisely: a double torus, 
as in [6, Fig. 51, with one embedded disk removed in order to glue it into the surface; 
compare with Fig. 6(b)). If S is orientable, every new handle increases the genus 
by one; if it is not orientable, by two. 
We remark that in every apparent contour there is at least one negative component, 
and the quantity (1 + i+ - i-) equals zero if the contour is irreducible. In general, we 
can think it measures the number of “exceeding” irreducible components of the 
contour. 
Proof. Let us take a tubular neighbourhood N of the fold curve off: N is an 
embedded surface with boundary, of characteristic zero, with as many connected 
components N, as there are irreducible components in the apparent contour (Fig. 4). 
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Its complement S\N is an orientable surface with boundary, possibly discon- 
nected, and immersed in lR2 by means of J: We have: ,Y( S) = x( S\ N). 
In order to compute x(S\N), we can apply a result of Haefliger [6, Theorem 31. 
It says that the Euler-Poincare characteristic of a surface with boundary M, 
immersed in R2, is equal to the normal degree of aM. The latter is simply the degree 
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of the mapping that associates with each point x of aM, as we run along the plane 
curve aM leaving the surface to our left, the unit normal vector of dM pointing 
into M at x. 
In our case, however, the normal degree of a(f(S\N)) is equal to the double 
(projective) tangent turning number7( y) of y. The double (projective) tangent turning 
number r( y,) of an irreducible component yi of the contour is defined as the degree 
of the map from yi to RP’ assigning to each point of the curve (parametrized 
according to the canonical orientation of the contour) its tangent line. This map is 
defined at cusp points too. The orientation of RP’ is introduced by means of the 
double covering 7r : S’ + RP’, hence it is coherent with the canonical orientation of 
iR2. We set: T( 7) = IF=, T( y,), where { y, , . . , yk} are the irreducible components of y. 
Figure 5 illustrates the reason why, for each component Ci of the fold curve, 
r(x) is equal to the normal degree of the (one or two) curves of which a N, consists. 
The tangent bundle and the normal bundle of these curves are oriented by considering 
aN, as part of a(f(S\N)) (further details are illustrated in [12]). Therefore we have: 
x(S) = r(y). (*) 
Now we apply to y a version of the Whitney-Graustein formula [18] taking into 
account the cusps [ 15,161. It connects the numbers of singularities of a parametrized 
(irreducible) curve a, after assigning them a “+” or “-” sign, in the following way: 
7((T)=2&(fr)+2n+-2n~+c+-c- 
(here e(q) is equal to +1 or -1, according to the orientation of the curve). 
Comparing the original definitions of the quantities involved in this formula with 
the ones introduced in our paper, we see that: (a) the sign of the double points is, 
in the present case, the opposite of that defined by Whitney and Quine; (b) when 
the contour is endowed with its canonical orientation, cusps are always negafive. 
Hence we have: 
Fig. 5. 
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where ci denotes the number of cusps of the component y,. Now we remark that 
&( y,) is equal to +l if and only if yi is a negative component of the oriented contour. 
Therefore, summing up for all components of the contour, we obtain 
T(y) = 2i- -2i’i-2N--2N+-c. 
Applying (*) we get 
,y(S)=2im-2ii+2Np-2Nf-c 
and from this we immediately arrive at the desired formula. q 
From now on, we shall be concerned only with irreducible contours. They can be 
oriented at first sight, because the complement of y has one unbounded region U 
in which f-‘(p) is empty, and on whose border v must point away from U. Hence 
the (unique) component of the contour is negative and each point of 8 U other from 
a double point has to be a negative point. If S has characteristic 2 (sphere), the 
most natural contour we can draw for it is irreducible. As we have already remarked, 
an irreducible contour for the real projective plane can be obtained from the “round” 
view of the Boy surface (Fig. 2) or with the help of other constructions on which 
we shall return later. [6, Fig. 41 gives an example for the torus (or the Klein bottle). 
Figure 6(a) depicts the irreducible contour of a surface whose Euler-Poincare 
characteristic is -1. This projection can be achieved by attaching a handle to a Boy 
surface or to a Roman surface (whose wordly appearance is beautifully unveiled 
in the books of ApCry [l] and Francis [5]). The “flat” view of the Boy surface 
differs, in fact, from that of Fig. 2 and gives rise to the same profile as the Roman 
surface (see [l; Fig. 251; here Fig. 14(a) (left)). We can produce this contour by 
means of a generic two-dimensional projection of the Veronese surface [3, Fig. 31. 
It may be useful to compare our pictures with the ones exhaustively discussed in 
[5, P. 901. 
Figure 6(b) represents the case of the double torus (x(S) = -2). Compare with 
[6, Fig. 51. But it can also be referred to a nonorientable surface of the same 
characteristic: the complement of the fold curve of such a surface is shown in Fig. 7, 
where it is split into two components in order to give a clearer idea of the structure 
of the map. 
(4 (b) 
Fig. 6. 
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Let f: S + R’ be a generic map whose apparent contour y is irreducible. As usual, 
we shall indicate with c the number of cusps, while n shall denote the double points. 
Definition 2.7. If c + n assumes the smallest possible value (for any irreducible 
contour of S) y will be called a minimal contour. 
We have come to the central node of our discussion, that is to describe the 
singularities of minimal contours. Our starting point is the following lemma: 
Lemma 2.8. Zf g > 0 and y is irreducible, y has at least one negative double point in a U. 
Proof. If g > 0, there must be some singularity in the contour. Otherwise, y would 
be a simple closed curve and from Proposition 2.6 we would get g = 0. 
We may assume that among the singularities of y there is at least one double 
point. In fact, suppose we have a cusp in the contour. If there were no double 
points, y would divide the plane into two connected components. One of them 
would have no counter-image in the surface. This is impossible, because as p varies 
in the neighbourhood of a cusp singularity f(p) covers both sides of the apparent 
contour. 
Since we have (one or more) double points in the contour, at least one of them 
must be negative. To see this, let us run along the contour starting from an admissible 
starting point a and following the canonical orientation of y (Fig. 8). 
At the beginning of our tour, f '(a) contains just one point of S. When we pass 
a positive double point of the contour, the number of points in the counter-image 
f’ ‘(x) decreases by two: hence we must have gained a couple of points before, 
which is possible only if we crossed a negative double point. This also shows that 
the first double point we meet (which belongs to aLJ) has to be negative. 0 
64 R. Pignoni 
a 
Fig. 8. 
Lemma 2.9. If the contour is irreducible and N- = 1, the sign of each double point is 
uniquely defined. 
Proof. Let us call p the negative double point of y. Because of Lemma 2.8, we know 
that p belongs to c?U. Furthermore, p is the only double point belonging to JU. In 
order to see this, parametrize y according to its canonical orientation and choose 
an admissible starting point a. Let us suppose aU contains more than one double 
point. Let q be the first one we meet, moving forward past a in the sense prescribed 
by the canonical orientation, whereas q’ denotes the nearest double point that 
precedes a. Both q and q’ must be negative, for obvious orientation reasons, and 
this contradicts the hypothesis that N- = 1. 
Now we are ready to conclude: there is only one double point on c?U and it is 
negative. This implies that, no matter how we choose our admissible starting point, 
the “inner” double points will be positive and the “outer” ones negative. 0 
Remark 2.10. After proving Propositions 2.11 and 2.13, the reader shall realize that 
Lemma 2.9 implies that in a minimal contour the sign of every double point is 
uniquely dejined. 
It was established long ago [17, 191 that a generic projection f: RP’+[W’ must 
have an odd number of cusps. When the contour is minimal, we can be more precise: 
Proposition 2.11. A minimal contour of the real projective plane displays one double 
point and three cusps. 
Proof. Francis [5, p. 971 exhibits some pictures of the contour we are talking about 
(reproduced here in Fig. 14(d)). Once again, its origin is the Boy surface. To see 
that it is minimal, we must check that no irreducible contour of RP’ can have less 
than four singular points. 
In order to verify this, we take an irreducible contour with one cusp point. From 
Proposition 2.6 we get: 1 = 2( N+ - N--t;); hence in such a contour N+ = N-. 
Because of Lemma 2.8, we have N- 2 1. The only possibility for getting less than 
four singular points would be N+ = IV = 1. And now it is to show that this cannot 
happen. 
Apply Lemma 2.9. Figure 9(a) explains by means of a diagram what it would 
look like having a contour with IV’= N- = 1. Notice that the cusp should belong 
to the border line between the two grey areas, pointing into the clearer one (Fig. 9(b)). 
(4 
Fig. 9. 
(b) 
A little Morse theory shows things cannot work out in this way. The counter-image 
in RP* of the dark region in Fig. 9(b) must be an embedded orientable surface with 
two boundary components, and its Euler-Poincare characteristic is necessarily 0. 
(The region lies between two level curves of a height function we may assume to 
be generic [8,9], and this function has no critical values in the dark area.) However, 
a cylinder must disconnect a real projective plane in two disjoint connected com- 
ponents, while it is clear from the diagram that this does not happen here (think 
of a neighbourhood of the cusp). q 
What happens when the genus g of S increases, getting bigger than zero in the 
orientable case, or bigger than one for a nonorientable surface? 
Let us introduce some notation. 
Definition 2.12. Let S be a surface of Euler-Poincare characteristic x(S). Its handle 
number h is defined as follows: 
(a) x(S) even, S orientable: h = g; 
(b) x(S) even, S nonorientable: h = g/2; 
(c) x(S) odd: h = (g - 1)/2. 
h is a function of x(S) that can be explicitated in terms of the map: 7: 2 + 2, 
1-(-1)X 
n(x)= 2 
66 R. Pignoni 
which is 0 if x is even and 1 if x is odd. In fact, 
h = h(X(S)) = l- 
x(S) + 77(x(S)) 
2 
We are going to describe the singularities of minima1 contours as function of 
x(S), with the help of h. 
Proposition 2.13. Let S be a surface other than a sphere. If y is a minimal contour of 
S, let n and c be the numbers of double points and cusps of y, respectively. The total 
number of singularities of y: n + c is given by 
x(S) even, h even: n+c=h+2 (c=O), 
x(S) even, h odd: n+c=h+3 (c=2), 
x(S) odd: nic=h+4 (c=3). 
Proof. The proof of the proposition will be articulated in three steps. We shall go 
from orientable to nonorientable surfaces in the following order: (1) x(S).even, h 
even; (2) x(S) even, h odd; (3) x(S) odd. 
Step 1. The easiest case to handle concerns orientable surfaces of even genus. 
Figure 10(a) shows an example of an irreducible contour for an orientable surface 
of genus 6. It has zero cusps, one negative and seven positive double points. It can 
be obtained by attaching two pairs of handles to the surface of Fig. 6(b): the 
procedure is illustrated (for a single pair of handles) in Fig. 10(b). 
From Proposition 2.6 we get the following relation for irreducible contours: 
g=&(s) (N+-N-)+; 
[ 1 
where, as before, F(S) is equal to 1 if S is orientable and to 2 if it is not. 
(4 
(b) 
Fig. 10. 
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Because of Lemma 2.8, N- 2 1; if we set c = 0 we obtain N+a g+ 1. 
This shows that the contour of Fig. 10 displays the least possible number of 
singularities for an irreducible contour of the orientable surface of genus 6. In fact, 
if we decrease by one the number of positive double points (the negative ones 
cannot be less than one) and want g to keep the same, we must introduce a couple 
of cusps. But in this way n + c increases by one. 
The construction underlying Fig. 10 can be easily extended to any orientable 
surface of even genus. We have N-- = 1, N+ = g-t 1, and no cusps. Hence: 
Step l(a). S orientable, g even=3 
I 
c ==o, 
n=g+2=h+2 
and the proposition is established in this case. 
Figure 10 can also be interpreted as an irreducible contour for a nonorientable 
surface of genus 12. The two pairs of handles can be attached in the same way to 
the nonorientable surface of genus 4 whose projection was introduced when we 
discussed Fig. 7. The same construction and similar arguments apply to nonorientable 
surfaces for which both x(S) and the “handle number” h are even. For such surfaces 
h = g/2. Since N- = 1, Nt = g/2+ 1, and there are no cusps, we have: 
Step l(b). S nonorientable, g even, h = g/2 even =+ 
I 
c = 0, 
n=(g/2)+2=h+2. 
The number of singularities is the least possible, and the first step of our proof 
is achieved. 
Step 2. Next we consider orientable surfaces of odd genus. Let us start from the 
minimal contour of an orientable surface of genus 4 (this kind of contour has been 
discussed in the preceding step). By attaching one more handle, we can obtain the 
contour of Fig. 11. The new surface has genus 5, and we have N = 1, N+ = 5, c = 2. 
Let us check if the contour of Fig. 11 is minimal. Once again, Proposition 2.6 yields: 
g=[(N+-N )+c/2], with N- Z= 1. If we set c = 0 (the value c = 1 is not allowed: 
the number of cusps is even because of a classical result of Thorn [17, Theorem 
9]), we must increase the number of positive double points by one (Fig. 12). 
Fig. I I 
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Fig. 12. 
Now, may a contour with N- = 1, Nt = 6, c = 0 represent an orientable surface 
of genus 5? The answer is no. We are going to see it by means of the following 
argument. 
In the first place, we remark that if N- = 1, N+ = 6, c = 0 the contour should be 
the one shown in Fig. 12(a), for the following lemma proves that a portrait of the 
kind shown in Fig. 12(b) is not possible. 
Lemma 2.14. Let y be an irreducible contour such that N- = 1, and letp be an “inner” 
(= positive) double point of y. Let C denote the (only) full loop starting and ending 
at p described as we run along the contour once, starting from an admissible starting 
point a and following the canonical orientation of y. 
The loop C does not contain any other singular point except p and surrounds 
(according to our chromatic code) a white area. 
Proof. In the first place, we observe that there is only one loop C as above. If there 
were two such loops in y, both of them starting and ending at p, they would describe 
an irreducible curve that does not meet the admissible starting point a. Hence y 
would have more than one irreducible component. 
We shall give an inductive proof of the lemma. Let pO, p, , . . . , pI be the double 
points of y. They are indexed according to their order of appearance as we run 
along the contour. We call C, , . . . , C, the loops associated to p,, . . . , pk. We remark 
that: 
(a) pO is a negative double point (Lemma 2.9), while the following ones are all 
positive. 
(b) As we cross p, for the first time we lose two points in the counter-image of 
the map projecting the surface. This means that the region lying “to our right” as 
we move along C, must be coloured in white, at least until we meet the next singular 
point (in Fig. 12, this region is dashed). 
(c) Let us call q the next double point we run into, on C,, after crossing p, for 
the first time. Remark (b) implies q # pO (before getting to p. we should pass through 
a, but a .@ C,). 
(d) 4 cannot be any of the pZ, . . . , pr. In fact, these self-intersections are all 
positive. But if we apply the same arguments that were developed for proving 
Lemmas 2.8 and 2.9 we see that q # p, implies that q should be negative. 
We have seen that the only double point in the closure of C, is p, . C,‘s interior 
is well defined, and it must be white. For this reason C, cannot contain any cusp 
point (as follows from the last part of the proof of Proposition 2.11), and p, is the 
only singular point of the loop, which is completely contained in the “interior” of 
y (that is, it does not intersect the border of U). 
Suppose we have established the lemma for the double points p,, . . . , p%. Then 
we can prove it for p\+, as well. In the first place, C5+, cannot intersect any of 
p,, . . ,pI (all the loops C,, . . , C, have already been closed). By induction, we 
can generalize (b) to C,,, . This shows that C,,, cannot intersect any of the 
PO, p, t2,. . . 3 pL, for the same reasons that have already been discussed in points 
(c) and (d). II 
The inadequacy of profiles like that of Fig. 12(b) has been established. The only 
possibility left for realizing the values N = 1, N+ = 6, c = 0 is given by the contour 
of Fig. 12(a). But here, once again, we run into a contradiction. The singularities 
say the genus is 5 (if the surface is orientable), while Fig. 13 teaches us how to cut 
off six “handles” without disconnecting the surface (proceed as in the proof of 
Proposition 2. 
Fig. 13 
Similar arguments apply to minimal contours of all orientable surfaces of odd 
genus. We have N- = 1, N’ = g, and two cusps. Hence: 
Step 2(a). S orientable, g odd* 
1 
c =2, 
n=g+l=h+l, 
and Proposition 2.13 gives a correct description of the singularities of such minimal 
contours. 
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Figure 11 can also be interpreted as an irreducible contour for a nonorientable 
surface of genus 10. The same construction will apply, in general, to any nonorient- 
able surface S with x(S) (or g) even and h (= g/2) odd. For such surfaces IV = 1, 
N+ = g/2 and the cusps are two. These values reflect the least possible number of 
singularities, that is 
Step 2(b). S nonorientable, g even, h = g/2 odd + 
I 
c = 2, 
n=(g/2)+l=h+l. 
Step 3. Let us switch now to nonorientable surfaces of odd genus. If h is odd, 
we shall pattern our examples of minimal contours on a generalization of Fig. 6(a). 
Let us start, for instance, from the surface S whose contour is shown to the right 
of Fig. 14(a). Its Euler-PoincarC characteristic is -6. In the first place, we make the 
connected sum of S with a projective plane, seen as a Roman surface (Fig. 14(a) 
and 14(b)) or as a “flat” Boy surface (in which case it is immersed in ordinary space). 
We obtain a nonorientable surface of genus g = 9. By attaching a handle (Fig. 
14(c)) we get an irreducible contour for the surface of genus g = 11. In this surface, 
h =5. 
(b) 
(a) 
Cd) (e) 
Fig. 14. 
We have N = 1, N’ = 5, c = 3. The condition for nonorientable surfaces with an 
irreducible contour is: g = 2( N’- N-)+ c, with N- 2 1. If we set c = 1 (again, the 
number of cusps is odd because of [17, Theorem 9]), we must increase by one the 
number of positive double points. In doing so, we get: N- = 1, N+ = 6, c = 1 (Fig. 
15). Proceeding as for orientable surfaces of odd genus we can cut off six “handles” 
without disconnecting the surface, contradicting in this way the requirement that 
g= 11. 
Fig. 15 
The generalization to any nonorientable surface of odd genus and odd h is 
immediate. To cope with nonorientable surfaces of odd genus and even h, we start 
with the projection of RP’ seen in Fig. 14(d) (compare with [5, p. 971) and glue 
pairs of handles to it (Fig. 14(e), (f)). The usual arguments apply. Therfore, for all 
nonorientable surfaces of odd genus N- = 1, N+ = (g- 1)/2, and we have three 
cusps. So, in this case as well, the values of the singularities of minimal contours 
agree with the ones predicted by Proposition 2.13: 
Step 3. S nonorientable, g odd + 
c=3, 
n=(g+1)/2=h+I. 
This completes the proof of Proposition 2.13. 0 
Remark 2.15. In [14] we introduced the notion of essential contour. Let us denote 
with c,,,(S) the number of cusps of a minimal contour of S, and with c,(S) the least 
value that can be obtained for the number of cusps of a generic irreducible contour 
of S (these two values may not coincide). Then we say y is an essential contour of 
S if it is irreducible, with c = c,,(S), and its number of double points n,(S) assumes 
the smallest possible value for such contours of S. 
In [14] we have constructed models of essential contours for RP’ and for all 
nonorientable surfaces with h odd, showing that in these cases the two notions of 
minimal contour and essential contour do not coincide. Now. let’s turn our attention 
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to nonorientable surfaces of odd genus and even h. In order to construct a model 
of essential contour we start from the irreducible contour of RP2 presented by [ 1 l] 
and reproduced here in Fig. 16(a). Once again, the surface can be thought of as 
being immersed in three-space (see [6, Corollaire, p. 521). By attaching two handles, 
we get a new irreducible contour for the nonorientable surface of genus 5 (Fig. 16(b)). 
We have: NP = 2, N+ = 4, c = 1. The contour is essential: if we decrease by one 
the number of positive double points and we do not want the cusps to increase by 
two, we must cancel a negative double point. Similarly, if we decrease by one the 
number of negative double points we must get rid of a positive self-intersection. In 
both cases, we get g = 5, NP = 1, N+ = 3, c = 1, running into the same kind of 
contradiction that was pointed out by Fig. 15. 
By attaching two more handles, we get the contour of Fig. 17(b) corresponding 
to a surface of genus 9. 
Another couple of handles makes us jump to g = 13 (Fig. 18), and so on. 
In the general case of a nonorientable surface of odd genus, with h even and 
bigger than zero, we obtain the values NP = 2, N+ = (g+3)/2 and a single cusp. 
This yields the following description of this type of essential contours: 
S nonorientable, g odd, h = (g - 1)/2 even (h > O)J 
1 
c= 1, 
n=(g+7)/2=h+4. 
Therefore we can now state in its correct form the result announced in [14]: 
Corollary 2.16. c,(S) # c,,(S) @ S is the real projective plane (n,(S) = 6), or another 
nonorientable surface with h odd or with x(S) odd (N,(S) = h +4). In all other cases 
the two notions of minimal contour and essential contour coincide. 
Remark 2.17. The reader should realize that Lemma 2.14 can be applied in order 
to show that the minimal contour of an orientable surface of even genus is uniquely 
determined up to diffeotopies of the plane. And by applying [2, Theorem 7.91 one 
can easily construct a global equivalence between two mappings displaying this 
(a) (b) 
Fig. 16 
(4 (b) 
Fig. 17 
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type of contour, with the same number of double points. (Given two smooth 
mappings f, g : M + N between surfaces, they are globally equivalent if there are 
two diffeomorphisms cp : N + N, C/J : M + M, such that cp of= g 0 $. Ageneral criterion 
for global equivalence is given by [20].) In this way, we obtain the following 
Corollary 2.18. Let S be an orientable surface of even genus, and letf; g: S+ R’ be 
two generic mappings with minimal contours. Then f; g are globally equivalent. 
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